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Let q be a prime power. For every v satisfying necessary arithmetic onditions we 
construct a Steiner 3-design S(3, q + 1; v. qn+ 1) for every n sufficiently large. 
Starting with a Steiner 2-design S(2, q;v), this is extended to a 3-design 
S;~(3, q + 1; v + 1), with index 2= qd for some d, such that the derived design is 2 
copies of the Steiner 2-design. The 3-design is used, by a generalization of a 
construction of Wilson, to form a group-divisible 3-design GD(3, {q, q + 1}, vy) 
with index one. The structure of the derived design allows a circle geometry 
S(3, q+ 1; qd+ 1) to be combined with the group-divisible design to form, via a 
method of Hanani, the desired Steiner 3-design S(3, q + 1; vq ~ + 1), for all n/> no. 
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1. STEINER 3-DESIGNS 
For any positive s let I~ = { 1, 2 ..... s}. A set is called an s-set when it is 
of size s. Given t ~<k~< v and 2, a t-design, written Sx(t, k; v), is a family of 
k-subsets of Iv, called blocks, such that every t-subset of I v is contained in 
exactly 2 blocks. A given k-set can occur as a block with any non-negative 
multiplicity. When 2 = 1 we write S(t, k; v); such a design is called a Steiner 
system [ 1 ]. 
For a Sx(t, k; v) to exist the following arithmetic conditions [1, p. 78] 
are necessary : 
2 (v -a )  (~52)  -- 0, rood , for all a, O<~a<~t. (1) 
t - -a  
Let q be a prime power. When there exists a S(3, q + 1; v. q~+ 1), for some 
n >/0, it is shown below that v satisfies the congruences 
v - 1 - 0, mod(q - 1), (2) 
v(v 2 -  1) -0 ,  mod(q 2 -  1). (3) 
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Hanani [ 5, p. 7 ] gives the following recursive construction for 3-designs. 
THEOREM 1. Let q be a prime power. I f  there is a Sx(3, q + 1; v + 1) then 
there is a S~(3, q + 1 ; q~. v + 1 ) for  all n >~ O. 
The next theorem is a generalization of Hanani's construction for 2 = 1. 
THEOREM 2. Let q be a prime power. I f  there is a Steiner system 
S(2, q; v) with v ~ vo( q ) and v satisfies the necessary condition (3), then there 
is a Steiner 3-design S(3, q + 1 ; v. q" + 1 ), for  all n >~ no(q, v ). 
The function vo(q) is a degree 7 polynomial in q. Whereas Theorem 1 
constructs a S(3, q+ 1; q.v+ 1) when a S(3, q+ 1; v+ 1) is available as 
starting material, Theorem 2 only requires the existence of a S(2, q; v). 
By a theorem of Wilson [6, p. 72; 1, p. 559], Steiner 2-designs S(2, q; v) 
exist for all sufficiently large v satisfying the necessary arithmetic ondi- 
tions; we use this to prove our main theorem. 
THEOREM 3. Let q be a prime power. I f  v satisfies the necessary condi- 
tions (2) and (3), then there is a Steiner 3-design S(3, q + 1; v. qn + 1), for  
all n >~ nl(q, v). 
Some classical Steiner 3-designs are constructed by Witt [7]. 
TrIEOREM 4. For any prime power q, there is a S(3, q + 1; qn + 1) for  all 
n>. l .  
The following structure theorem is needed in the following. Let 
Xn + i = Iq x Iq, u { oo }. For each i ~ Iq call the subset { i} x Iqo w { oo } a level 
of X,+ 1 (that is, a row union the point or). 
THEOREM 5. Let q be a prime power. For each n>~ 1, there is a 
S(3, q+ 1; qn+l+ 1) over the set X~+I such that on each level there is a 
sub-S(3, q + 1; q"+ 1) over that level. 
The case of n = 1 is mentioned by Hanani [ 5, p. 7 ]. 
2. DESIGN EXTENSIONS 
If ~ is a family of blocks from Iv, define the derived family ~d as the set 
of blocks 
and 
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that is, the blocks of ~ that contain v with v deleted. We call ~ an 
extension of @d. Define the residual family ~r as 
namely, the blocks of N avoiding v. Given a S(2, k; v), if for some 2 there 
is a S;(3, k+ 1; v + 1) with derived design 2-S(2, k; v), that is, 2 copies of 
S(2, k; v), a necessary condition [1, pp. 78, 114] is 
2 (V3 1) -0 ,  mod (k3  1). (4) 
The following extension theorem is given by Blanchard [2] and is used in 
the proof of Theorem 2. 
THEOREM 6. Given a Steiner system S(2, k; v), with v >>. vo(k ) and any 
2>~20(k, v) satisfying the necessary condition (4), there is a S;(3, k+ 1; 
v + 1), call it 9,  such that ~a = 2- S(2, k; v); that is, the derived design is 2 
copies of the Steiner system. 
3. TRANSVERSAL DESIGNS AND RELATED DESIGNS 
Define a transversal 3-design [1, p. 51;5], written TD(3, k;g) ,  as 
a family of blocks (k-sets) over the set J (= Ikx lg  with the following 
properties: 
(i) each block intersects each of the k rows of X in exactly one point. 
(ii) each 3-set of points from distinct rows is in exactly one block. 
We need the following fact. 
THEOREM 7. For any prime power p, there is a transversal design 
TD(3, k; p) for all k, 3 <<.k<.p + 1. 
This is given by Bose and Bush [4] (in the form of orthogonal arrays) 
and by Hanani [ 5 ]. 
Let ~ be a family of k-sets (with possible multiplicities) from the set Iv 
and let Y be an family of 3-sets of Iv. We say ~ is a partial design, written 
P;(3, k; v), that covers the 3-sets 3- if 
(i) each 3-set in 3- is in exactly 2 blocks of N, counting multi- 
plicities, and 
(ii) each 3-set not in 3- is not in any block of ~. 
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Given a prime power qd and a 3-set T= {t l ,  t2, t3} c Iv,  define the 
following families of 3-sets from Iv x I d 
and 
T@Iqd= {{(tl,  "1), (t2, U2), (t3, U3)} :/A1, •2, U3EIq'} 
j®i#= U 
T~ .7 
That is, J ® Iq~ consists of all 3-sets in Iv x I d whose projection into Iv is 
a 3-set in Y.  
THEOREM 8. Given v, let q be a prime power satisfying q >>, 3v. Let J- be 
a family of3-sets of I~. I f  there is apartial design Pq(3, k; v) that covers the 
3-sets ~-, then there is partial design P(3, k; v. qd) that covers the 3-sets 
.Y-®I#, for all d> (~). 
Theorem 8 is given by Blanchard [3]  and is a generalization of a 
construction of Wilson [6, p. 74; 1, p. 551] for the case of 2-sets. 
4. PROOFS 
Proof of Theorem 2. Let q be a prime power. If there is a S(3, q+ 1; 
v. q" + 1), for some n ~> 0, then, from (1), 
vq" - 1 =- O, 
and since q - 1, mod(q - 1), 
v - l~0,  
mod(q-  1) 
mod(q - 1 ). 
This shows that condition (2) is necessary. Also from (1), 
vq"(v2q 2n - 1) - 0, mod(q(q 2 -  1)). 
Since q is coprime to q2_  1, 
V(v2q 2n -- 1 ) = 0, mod(q 2 - 1), 
and further 
V(V2-- 1) ~- 0, mod(q2--  1). 
582a/71/1-5 
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This proves (3). For any m >~ 1 we have 
qm (V+ 1 
3 )=0,  m°d (q+ 1) " 3 
Assume there is a Steiner system S(2, q; v) with v ~> c0(q), where Vo(q) is as 
in Theorem 6. By Theorem 6, for any m o with qmo ~>20(q ' v) there is a 
Sq,,o(3, q + 1; v + 1), call it ~, such that ~d= qmo. S(2 ' q; v). We can 
choose mo large enough to satisfy qmo ~ 3V. Let ~- be the family of 3-sets 
that are contained in the blocks of @r. Because the derived design of ~ is 
qmo copies of the Steiner system, any 3-set in a block of the derived design 
is covered by that block of the derived design (that is, the 3-set is contained 
the complete number qmo times). So the 3-sets covered by the derived 
design are complementary to the family Y-. It follows that ~r, which is a 
2-design, is a partial design Pq,%(3, q + 1; v) that covers the 3-sets ~-. 
Set no = mo. (~) and X= ~ × Iq,o u { oo }. Now we construct the blocks of a 
Steiner 3-design S(3, q + 1; v. qno + 1 ) over the set X. Both ~r and ~d are over 
the set Iv. From the blocks of Y we obtain, by Theorem 8(with power qmo and 
d=(~)), a partial design P(3, q+ 1; u.q "°) that covers the 3-sets ~-®Iq°o. 
These blocks cover (exactly once) all 3-sets of X\{ ~ } whose projection onto 
I, is a 3-set not covered by the Steiner system S(2, q; v). 
For each block A of the Steiner system S(2, q;v), form a S(3, q+l ;  
qno + 1 + 1) on the set A x Iq, o w { co }, where on each level there is a sub-design 
S(3, q + 1; qno + 1 ), as in Theorem 5. Each level is indexed by many blocks of 
the Steiner system, so on each level we take only one copy of a sub-design 
S(3, q + 1; qno + 1 ). Let T be a 3-set of X. If ~ ¢ Tand the projection of Tonto 
Iv (which is not necessarily a 3-set) is in a block A of the Steiner system, then 
T is in A ×Iq%w {or} and is therefore covered by the S(3, q+ 1; q,o+l + 1) 
constructed there. If ~ e T, then T \{~} intersects one or two levels of 
X\{ ~ }. If two, then these levels are indexed by two points oflo and these are 
in a unique block A of the Steiner system. So, as above, T is in A × Iq,,o w { ~ } 
and is covered by the S(3, q + 1; q,o + ~ + 1 ) constructed there. Finally, if T is in 
a single level, it is covered by the sub-design S(3, q + 1; q'o + 1) placed there. 
This shows the blocks constructed form a Steiner 3-design S(3, q+ 1; 
v.qn°+ 1) on the set X. From Theorem 1, there is a S(3, q+ 1; v.q"+ 1) 
for each n >~ no. The proof is complete. | 
Proof of Theorem 3. Assume 
mod(q-1) ,  we have, for any e>~ 1, 
and 
v satisfies (2) and (3). Since q -1 ,  
vqe(vq e- 1 ) -~ 0, mod(q(q - 1 )). (6) 
vq e - 1 - o, mod(q - 1 ) (5) 
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From (3) we have, similarly, 
vq~((vqe) 2 - 1) - 0, mod(q(q 2- 1)) (7) 
for any e~> 1. Relations (5) and (6) are the arithmetic onditions for a 
S(2, q; vqe). From Wilson's theorem [6, p. 72] there is a function vl(k)  
such that for any u >~ va(k) there exists a S(2, k; u) if u satisfies the condi- 
tions (1). We can choose e~>l large enough so that vq~>>.Va(q) and 
vqe>>-Vo(q), where vo(q) is from Theorem 2; it follows that there is a 
S(2, q; vq~). From relation (7), the conditions of Theorem 2 are satisfied 
and we conclude there exists a S(3, q+ 1; v .q"+ 1) for each n>~nl(q, v), 
where nl(q, v) = no(q, vq~). The theorem is proved. | 
Proof  o f  Theorem 5. We use induction on n. When n= 1, a sub- 
S(3, q+ 1; q+ 1) on each level means that each level is a block. Just such 
a S(3, q+ 1; qZq_ 1) is given by Hanani [5, p. 7]. Another way to see this 
is as follows: the design S(3, q+ 1; qZq_ 1) has derived design S(2, q; q2), 
which is an affine plane and is resolvable. A parallel class of blocks from 
S(2, q; q2) corresponds to a set of blocks in S(3, q + 1; q2+ 1) that form a 
complete set of levels. 
When n>~2, let @, be a S(3, q+ 1; qn+ 1) over the set Xn and on each 
level of Xn assume there is a sub-S(3, q + 1; qn-1 + 1) and call it ~n-1. We 
use a variant of a construction of Hanani [5, pp. 7, 12] to construct a 
S(3, q + 1; qn+l+ 1) with the desired properties. Write X,,+I = Iq x Iq~ w 
{ co } = Iq2 x Iq, ~ w { oo }. On the set Iq2 w { y}, for some extra point y, take 
a design ~ which is a S(3, q+ 1; q2+ 1) and also satisfies the induction 
hypothesis; that is, the derived design ~a (with respect o the point y) 
contains q blocks that partition Iq~. 
For each block A' in ~a, form a ~n over the set A' x [q._~ ~3 { oO } such that 
each level carries a @n-1, as assumed by the induction. Many blocks of ~a 
will index the same level so take only one copy of ~,_  1 per level. For each 
block A in ~r, form a transversal 3-design TD(3, q+ 1; qn-1) on the set 
A x Iqo 1. It is easy to check that the blocks so formed constitute a S(3, q + 1; 
qn + 1 + 1 ). As mentioned above, there are q blocks A'I, ..., A'q in ~d that parti- 
tion Iq2. From each of these blocks a ~n was formed over the sets 
A; x Iq,_~ u {oo}, and the pairwise intersection of these sets is oo. Taking 
these sets as the levels of Xn + 1 shows that N, + 1 has the desired structure. | 
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